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Expansion Ratio and Expander Graphs
Let 𝐺 = (𝑉 , 𝐸) be a graph with 𝑛 vertices. The expansion ratio of 𝐺 is
defined as

ℎ(𝐺) ∶= min
{ |𝛿(𝑆)|
min{|𝑆|, |𝑆|}

∶ ∅ ≠ 𝑆 ⊂ 𝑉
}
.

where 𝛿(𝑆) denotes the cut induced by 𝑆 and 𝑆 ∶= 𝑉 ⧵ 𝑆 is the complement
of 𝑆. Let (𝐺𝑛)𝑛∈ℕ be a family of 𝑑-regular graphs, with 𝑑 ≥ 2, such that
lim
𝑛→∞

|𝑉 (𝐺𝑛)| = ∞. The family (𝐺𝑛)𝑛∈ℕ is called a family of expanders if

there is 𝜀 > 0 such that, for each 𝑛 ∈ ℕ, one has ℎ(𝐺𝑛) ≥ 𝜀.

Spectral Sparsifiers
Let 𝐺 = (𝑉 , 𝐸, 𝑤) and 𝐻 = (𝑉 , 𝐹 , 𝜔) be a weigthed graphs. Let 𝜀 ≥ 0. The
weighted graph 𝐻 is called a (1 + 𝜀)-spectral sparsifier of 𝐺 if

𝑥𝑇𝐿𝐺𝑥 ≤ 𝑥𝑇𝐿𝐻𝑥 ≤ (1 + 𝜀)𝑥𝑇𝐿𝐺𝑥, for each 𝑥 ∈ ℝ𝑉 ,

where 𝐿𝐺 is the Laplacian Matrix of a graph 𝐺 defined as
𝐿𝐺 ∶= ∑

𝑖𝑗∈𝐸(𝐺)
𝑤𝑖𝑗(𝑒𝑖 − 𝑒𝑗)(𝑒𝑖 − 𝑒𝑗)𝑇 .

Cut Sparsifier
Let 𝐺 = (𝑉 , 𝐸, 𝑤) and 𝐻 = (𝑉 , 𝐹 , 𝜔) be weighted graphs. Let 𝜀 ≥ 0. The
weighted graph 𝐻 is called a (1 + 𝜀)-cut sparsifier of 𝐺 if

𝑤(𝛿𝐺(𝑆)) ≤ 𝜔(𝛿𝐻(𝑆)) ≤ (1 + 𝜀)𝑤(𝛿𝐺(𝑆)), for each 𝑆 ⊆ 𝑉 .

Hence, the sum of the weights of the edges of any cut in 𝐻 is very close to
the sum of the weights of the edges of the respective cut in 𝐺. By setting
𝑥 ∶= 1𝑆, one can prove that spectral sparsifiers are a strengthening of cut
sparsifiers: if 𝐻 is a (1+𝜀)-spectral sparsifier of 𝐺, then 𝐻 is also a (1+𝜀)-cut
sparsifier of 𝐺.

Conductance
The conductance of a nonempty set 𝑆 ⊂ 𝑉 is

𝜙𝐺(𝑆) ∶=
𝑤(𝛿(𝑆))

min{vol𝐺(𝑆), vol𝐺(𝑆)}
, where vol𝐺(𝑆) ∶= ∑

𝑣∈𝑆
deg𝐺(𝑣).

The conductance of the graph𝐺 is

𝜙(𝐺) ∶= min
{
𝜙𝐺(𝑆) ∶ ∅ ≠ 𝑆 ⊂ 𝑉

}
.

The notion of conductance is useful for
identifying clusters. We call a set 𝑆 ⊆ 𝑉
a cluster if the number of edges between
vertices in 𝑆 is considerably bigger than
the size of 𝛿(𝑆). Expander graphs have
high conductance, hence their vertices
lie in a single cluster. In the image, the
clusters are represented by the colored
circles, so each vertex inside the same

circle is in the same cluster. Each dotted line represents one edge between
a vertex of one cluster to another vertex of the other cluster, i.e., edges
between different colored circles. We can see that the number of edges
crossing clusters is considerably smaller than the edges inside the clusters.

Cheeger’s inequality and Alon-Boppana Bound
Cheeger’s inequality says that, for every 𝑑-regular graph 𝐺,

𝑑 − 𝜆↓2(𝐴𝐺)
2

≤ ℎ(𝐺) ≤
√
2𝑑(𝑑 − 𝜆↓2(𝐴𝐺)),

where 𝜆↓2(𝐴𝐺) denotes the second largest eigenvalue of the adjacency matrix
of 𝐺. Recall that 𝑑 is the largest eigenvalue of the adjacency matrix 𝐴𝐺 of
𝑑-regular graphs. Hence, by Cheeger’s inequality, one can use the difference
𝑑 − 𝜆↓2(𝐴𝐺) of the two largest eigenvalues of 𝐴𝐺 in place of ℎ(𝐺) in the
definition of expanders. Alon and Boppana bounded the second largest
eigenvalue of 𝐴𝐺:

𝜆↓2(𝐴𝐺) ≥ 2
√
𝑑 − 1(1 − 𝑜(1)).

From the bound proved by Alon and Boppana it was defined a class of
expanders that are cosidered optimal, which are called Ramanujan graphs.

Weighted Expanders
We call Weighted Expanders graphs that are (1 + 𝜀)-spectral sparsifiers
of the complete graph, for 𝜀 > 0. We consider those sparsifier as Weighted
Expanders because they satisfy some of the properties that regular ex-
panders satisfy, such as high conductance and the Expander Mixing Lemma.
It can be proved that a graph 𝐺 being a (1 + 𝜀)-spectral sparsifier is roughly
equivalent to

𝜆max(𝐿𝐺)
𝜆↑2(𝐿𝐺)

≤ 1 + 𝜀,

where 𝜆↑2(𝐿𝐺) denotes the second smallest eigenvalue of 𝐿𝐺, and this ratio
is used to measure the quality of the weighted expanders.

Expander Mixing Lemma for Weigthed Expanders
Let 𝜀 > 0. Let 𝐺 = (𝑉 , 𝐸, 𝑤) be a (1 + 𝜀)-spectral sparsifier of the weighted
complete graph 𝐾𝑉 = (𝑉 , (𝑛2), 1𝑑/𝑛). Then, for every 𝑆, 𝑇 ⊆ 𝑉 such that
𝑆 ∩ 𝑇 = ∅,

|||||
𝑤(𝐸(𝑆, 𝑇 )) −

𝑑
𝑛
|𝑆||𝑇 |

|||||
≤ 𝑑𝜀

√
|𝑆||𝑇 |.

If we consider a random graph 𝐺(𝑛, 𝑝) with 𝑝 ∶= 𝑑/(𝑛−1), from this result,
one can show that multiplying all the weights of a spectral sparsifier of the
complete graph by 𝑝 implies that the weight of any cut in the sparsifier is
close to the expected weight of the respective cut in the random graph.

Theorem of Srivastava and Trevisan
Let 𝐺 = (𝑉 , 𝐸, 𝑤) be a connected weighted graph with 𝑛 vertices and 𝑑𝑛/2
edges such that girth(𝐺) ≥ 2𝑑1/8 + 1. Suppose that 𝑑 ≥ 144. Then

𝜆↑𝑛(𝐿𝐺)
𝜆↑2(𝐿𝐺)

≥ 1 +
4√
𝑑
− 𝑂(

1
𝑑5/8)

− 𝑂(
1
𝑛)

.

The number 1 + 4/
√
𝑑 is from approximating the complete graph by a

Ramanujan graph on the same vertex set. So

𝜆↑𝑛(𝐿𝐺)
𝜆↑2(𝐿𝐺)

≤ 1 +
4√
𝑑
+

8
𝑑 − 2

√
𝑑
.

Expander Graphs Properties
In expander graphs, the number of edges of any cut is approximately the
number of expected edges on the respective cut of a random graph with
the same expected number of edges. This property is known as Expander
Mixing Lemma, which says that for every 𝑑-regular graph 𝐺 with 𝑛 vertices,
||||
|𝐸(𝑆, 𝑇 )|−

𝑑|𝑆||𝑇 |
𝑛

||||
≤ max{|𝜆↓2(𝐴𝐺)|, |𝜆min(𝐴𝐺)|}

√
|𝑆||𝑇 |, for all 𝑆, 𝑇 ⊆ 𝑉 (𝐺).

Another interesting property is that the probability distribution of the last
vertex of a random walk in a expander graph converges rapidly to the
uniform distribution. This property is consequence of the following result:

‖‖‖‖(
𝐴𝐺
𝑑 )

𝑡
𝑝 −

1
𝑛
1

‖‖‖‖
≤ (

max{|𝜆↓2(𝐴𝐺)|, |𝜆min(𝐴𝐺)|}
𝑑 )

𝑡
, for each 𝑡 ∈ ℤ++,

and where 𝐺 is a 𝑑-regular graph on 𝑛 vertices and 𝑝 is a vector of
probabilities.
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