Quadratic Programming Applied to

Modern Portfolio Selection

Fabio Silva Dias * fdias@ime.usp.br

Departament of Computer Science

Instituto de Matemática e Estatística

Universidade de São Paulo - Brazil

Abstract

T he mean - variance formulation byMarkowitz in 1956 and its efficient solution byWolfe in 1959 paved a foundation for modern portfolio selection. In this work we start reviewing basic concepts about portfolio selection, showing one starting solution and then the mean - variance analysis proposed by Markowitz. We showan algorithm for efficient frontier derivation, proposed byWolfe, and analyze the performance of 24 portfolios generated byour implementation of this method, 12 of then in a bull market and the other 12 in a bear market. After that we finish our work presenting some limitations of this formulation and recent studies where preference for skewness is introduced.

Another nonlinear models are also suggested.

Key Words: Quadratic Programming, Portfolio Selection,

UtilityFunction, Skewness.

1 Basic Definitions

1.1 The Problem

Consider an investor that seeks a best allocation of wealth among a basket of riskyassets, called portfolio. T he best can be defined as an allocation such that the risk incurred is minimumfor that level of expe cted return or the expected return is maximumfor that level of risk.

T he data of the problemconsists in an arrayof returns, where each component i of this arrayis the expected return to the asset i in the considered horizon:

( ) n

r r r r ,..., ,

2 1

=

We have also a covariance matrix as the shown below:

) , (

) ( 2

2

2 1

2

2

2 12

1 21

2

1 j i COVARIANCE

i VARIANCE

Cov ij

i n n n

n

n

=

= ú

ú

ú

ú

ú û

ù ê

ê

ê

ê

ê ë

é

=

s s

s s s s s s s s s

�

�

�

� C is positive semidefinite

� � T here is some n q Â Î such that r = Cq .

T o adapt (QP) to 1.2.1 , r nowis an arraysuch that each component i is the return of the asse t i subtracted the return of a riskless asset. T he equalityconstraints of 1.2.1 maybe substituted bytwo inequalityconstraints and if we want to allowshort sales we can introduce artificial variables. Since the objective function is quadratic and conve x, to solve (QP) we have to find a feasible solution that meets the Kuhn -

T ucker conditions. In this case, theyare necessaryand sufficient optimalitycriterion. A Simplex - based method that solve this problemwas proposd byWolfe in [2], with two variation s. One solve the problemfor a fixed value of l (called ^short form~ in the original paper) and the other solve the problemusing l as a parameter, finding a set of critical solutions that can generate all feasible solutions

(called ^long form~ in the orig inal paper). T hese methods solve the problem(QP) in a finite number of steps.

Markowitz had proposed another method for optimization of a quadratic function with linear constraints 3 years before of the Wolfe´s proposal. Although this method is different of the

Wolfe´s method, one can proof that both find the same results.

i dx

d i

" = , 0

q

2.2. The Wolfe´s M ethod

T he method shown belowsolve the problemfor one fixed value of the parameter. T he first step is to introduce non - negative slack arrays n m v y

+ +

Â Î Â Î , defined by:

, 0 ’

, 0

³ + + =

³ - = r u A Cx v

Ax b y l where m u

+

Â Î is the arrayof Lagrange multipliers.

A pair of variables x j

, v j

will be called complementary pair and the other pair of variables y i

, v i

will also be complementry. With this notation the Kuhn - T ucker conditions of the model above take the following form:

2.2.1 (a) 0 , , , ³ u v y x

(b) b y Ax = +

(c) r u A v Cx l = - + - ’

(d) 0 ’ ’ = + u y v x

In [3] is demonstrated the following theorem:

The parts y x , of any solution for the Kuhn - Tucker conditions are a vertex of the following polytope:

= M [ ] {

’ , ’ u x . . q t }

0 , 0 , ’ , ³ ³ £ - - £ u x r u A Cx b Ax l

In this way, the problemof findi ng the solution of 2.2.1 is reduced to the problemof finding an admissible basis

B of the matrix:

ú û

ù ê ë

é

- -

=

’ 0

0 0

A E C

E A

D

T he basis is admissible in the sense of 0 1 ³ ú û

ù ê ë

é

- r

b

B l

.

In the matrix D j - th column of ú û

ù ê ë

é

- C

A

(the variabl e j

x ) and the j - th column of ú û

ù ê ë

é

E

0

(the variable j

v ) must not be basic at the same time, and the same can be applied to ú û

ù ê ë

é

0

E and ú û

ù ê ë

é

- ’

0

A

associated to the variabl es i

y and i

u .

For this purpose we introduce artificial variables in

2.2.1(b) and performthe Phase I of the Simplex method until we forman initial basis for 2.2.1(b) . After that, we introduce a newset of artificia l variables in 2.2.1(c) to create an initial artificial basis without the columns ú û

ù ê ë

é

E

0 and ú û

ù ê ë

é

- ’

0

A

, i.e. without any v or y component.

So 2.2.1(d) is satisfied at the beginning with

0 , 0 = = u v . T he complementarityproperty

0 ’ ’ = + u y v x will be preserved while the basic artificial variables are eliminated. A complementary variable pair j j

v x , or i i

u y , will never both be ba sic.

In this way, the solution to 2.2.1 will be obtained when the x part solves 2.1.1.

After the brief description given above, we can formulate a Quadratic Programming algoritmas the described below:

Phase 0 . Solve the following linear programming probl em:

2.2.2 max

1

’ z e - s.t. 0 * ³ x

* * b Dx = with D º [ E E A * * ], ú

ú

ú û

ù ê

ê

ê ë

é º

1

* z

y

x x , * A , * E and

* b obtained in the following way:

For each line j of the matrix * A , î

í

ì

< -

³

=

0 ,

0 ,

* j j

j j j b se A

b se A

A ;

For each line j of the matrix * E , î

í

ì

< -

³

=

0 ,

0 ,

* j j

j j j b se E

b se E

E ;

And for each j , j j

b b = * . E is the identity matrix.

Having initial feasible solution ú

ú

ú û

ù ê

ê

ê ë

é º

*

* 0

0 b

x and initial basis D ini

º [ E ].

Case 1 . Let be x , y and

1

z the arrays found in the final solution. If 0 ’

1

¹ - z e then stop ˘ the problemis unfeasible. Else, go to phase 1.

Phase 1 . Solve the following linear programming problem:

2.2.3 max

2

’ z e - s.t. 0 1 ³ f x

1 1 1 f f f b x D =

With ú û

ù ê ë

é

- -

º

1

* *

1

’ 0

0 0 0 f

f

E A E C

E A

D , ú

ú

ú

ú

ú

ú û

ù ê

ê

ê

ê

ê

ê ë

é

=

2

1 z

u

v

y

x x f , ú û

ù ê ë

é

= r

b b f l

*

1 and also ï î

ï í

ì

< + -

³ +

=

0 ) ( ,

0 ) ( ,

1 j j

j j f j r x C if E

r x C if E

E l

l

, for each line j of the matrix 1 f E .

Let be fim

D the final phase 0 basis and fim

C the matrix formed bycolumns of [ 0 C - ] corresponding to the columns of [ E E A * * ] selected by fim

D . T o solve the phase 1 problem, take as initial basis the matrix:

ú û

ù ê ë

é

=

1

1

0 f fim

fim

E C

D

B whose init ial feasible solution will be:

2.2.4 ú

ú

ú

ú

ú

ú û

ù ê

ê

ê

ê

ê

ê ë

é

+ =

=

=

=

=

) (

0

0

1 1

2

1

1

1

1 r Cx E z

u

v

y y

x x f l

�

�

�

�

�

Solve the problem 2.2.3 bythe Simplex method, starting with the inicial basis 1 B and its respective basic solution

2.2.4 apllying the following entrybasis restr iction:

2.2.5 If ï

ï þ

ï

ï ý

ü i

i

j

j u

y

v

x is basic then ï

ï î

ï

ï í

ì i

i

j

j y

u

x

v must not enter the basis (note that the solution 2.2.4 satisfythe condition

2.2.5 ).

Without the entrybasis restriction, we can be sure that when the algorithmabove stops 0 ´

2

= z e (since the problem 2.2.3 is always feasible). Wolfe proved in [2] that even with this condition, when the algorithmstops the optimal value of 2.2.3 will be 0. He also proved the following theorem:

The problem 2.1.1 has optimal solutio n if Á is not empty and the part corresponding to x of the optimal solution of 2.2.3 under the condition 2.2.5 is this solution.

In this form, we made a more sophisticated model to the proposed problemin the part 1 and we shown a me thod based in the Simplex to solve it. T he method shown solves the problem 2.1.1 when the parameter l is constant in a finite number of steps. It means that, having the investor´s risk aversion level ( l can repre sent the inverse of the investor´s risk aversion), having the covariance matrix, the arrayof returns of each market asset and having the linear constraints, we can obtain the best portfolio concerning risk and expected return. It´s known in literature as efficient portfolio .

Although if the our objective is obtain all the efficient portfolios, i.e. obtain all the portfolios whose risk is minimum(or expected return is maximum), we will have to solve the problemvarying l from ¥ - to 0.

But it doesn´t seemto be reasonable, since it will be verycomputationalyexpensive (the algorithmis based in the Simplex Method and its worst case is exponential). One can simplytryto choose a randomset of values in the require d interval and solve the problem onlyfor them, obtaining a solution for a particular value between two actual solutions as a linear combination of them. It seems reasonable but doing this we will be subject to the risk of choose the wrong values, choosing values that do not have important information. T he parametric version is like this proposal, but the values are obtained with a simple criteria.

T o solve this problem, Wolfe proposed in the same article a variation of the algorithmof quadratic programmin g , called ^long form~ in the original paper, that find in a more efficient waya set of solutions that can generate a solution for anyvalue 0 £ l . Fromnow on, we will studythis variation.

2.3. The Parametric Version

As noted before , the optimal solution must:

· Have maximumexpected return ( x´r ) to its risk level and;

· Have minimumrisk ( x´Cov x ) to its expected return level.

Not onlythis, we want an algorithmthat find all portfolios of minimumrisk without varying the value or the r isk aversion (1/ l ) and solving the problem repeated times. Intuitively, the parametric algorithm would do the hard work just one time and after that to find anyother solution would require just more one step.

Wolfe proposed in its ^l ong form~ an algorithmbased in sensibilityanalysis of the linear Kuhn - T ucker conditions. T he Quadratic Parametric Problem, is transformed in a Linear Programming problemand the critical values críticos of l are found. Each critical value of l corresponds to one solution (called by

Markowitz as ^corner portfolio~) and for anyvalue of l between two critical values, its corresponding solution is a convex combination the two neares t critical solutions. Nowthe work is to find all the critical values of l . Having this values, drawall the Efficient

Frontier becomes trivial.

T he proposed algorithmsolves a quadratic problem parametric of the folowing form:

2.3.1

} 0 , | { , . .

’ ’ min

³ £ = Á Á Î

- x b Ax x x a s

r x Cx x l

Note that nowthe algorithmjust find values of 0 ³ l .

T he Parametric Quadratic Programming algorithm, known also as Phase 2 of the Wolfe´s Method is described below:

Step 1 . Solve the problem 2.3.1 with l = 0. Let 0 B be the final basis and 0

2

0 0 0 0 , , , , z u v y x the final solution. If anycolumn corresponding to a

2

z component is in 0 B - so this vertex is degenerated and this com ponent values 0 ˘ continue the Phase 1 until no component of

2

z remains in the basis.

Step 2 . Formthe folowing Linear Programming

Problem:

2.3.2

0

. .

2 max

³

= x

b x M t s

l

2.3.3 where ú û

ù ê ë

é

=

ú

ú

ú

ú

ú

ú û

ù ê

ê

ê

ê

ê

ê ë

é

=

ú û

ù ê ë

é

- -

=

0

´ 0

0 0 0 b b

u

v

y

x x

r A E C

E A

M l with 0 l = 0 0 0 0 , , , , 0 u v y x as initial feasible solution and 0 B its corresponding basis. Solve this problemby the Simplex Phase 2 with the restriction 2.2.5 .

Step 3 . If with the restriction 2.2.5 it´s impossible to continue, i.e. the op timal solution is the initial feasible solution then stop! T here´s no solution to 2.3.1 with

0 ³ l .

Step 4 . If - l can be decreased then 2.3.2 is unbounded

(proved byWolfe in [2]). So at each iteration r of the s ite rations of the Simplex with the entrybasis restriction

2.2.5 we obtain a solution s r x r £ £ 0 , , where s l l l £ £ £ £ ... 0 1 0 , with each r l the value of the objective function at the iteration r and r x is an optimal solution of the problem 2.3.1 for r l l = . As 2.3.2 is unbounded, after s iterations we will have also a growing direction 1 1 1 1 , , , + + + + s s s s u v y x such that ú

ú

ú

ú

ú û

ù ê

ê

ê

ê

ê ë

é

- + ú

ú

ú

ú

ú û

ù ê

ê

ê

ê

ê ë

é

+

+

+

+

1

1

1

1

) ( s

s

s

s s s

s

s

s u

v

y

x u

v

y

x l l is an optimal solution for s l l ³ " . So,

( ) ï

ï

ï î

ï

ï

ï í

ì

³ - +

î

í

ì

- £ £

£

-

-

+

-

-

=

+

+

+

+ +

+ s s s s

r r r r r

r r r r

r for x x

s r

for x x x l l l l

l l l l

l l l l

l l l l

1

1

1

1 1

1

1 0

) ( is an optimal solution of 2.3.1 for anyvalue of 0 ³ l .

2.4. Applications of the Quadratic M odel

We shown a quadratic approach to the portfolio optimization problemand a method to solve the quadratic problemobtaining a portfolio of minimum risk for anyfeasible level of expected return, parameterizing bythe scalar l . T his set of portfolios is called Efficient Frontier and to drawthe Efficient

Frontier is one of the main applic ations of the Wolfe´s

Method. Now we will showanother applications of this quadratic approach.

Having the Efficient Frontier, we can suggest a portfolio for anyinvestor if we have also another function, based in features of the investor, that quantify, f or each investiment, the level of satisfaction that he has doing that investment. T his function is called investor´s utility function and its parameters can be the expected return, its uncertaintyquantified bythe risk or even both. T he expression of an u tilityfunction can also change, according to the case. A more technical description of this function is out of the scope of this work and can be seen in [1], [4] and [5]. T he investor now wants to find the point of the efficient frontier that maximizes th e utilityfunction.

Let U( r ) be the utilityfunction expressed in terms of the expected return (it will change frominvestor to investor), l r the minimumreturn of the efficient frontier ( r x´ for the solution of 2.3.1 with l = 0) and u r the maximumreturn of the frontier ( r x´ for the solution of 2.3.1 with +¥ ® l ). If we knowU( r ) for the investor, we maypropose the following problem:

2.4.1 max U( r ) s.t. u l r r r £ £

If U( r ) were a quadratic function (and reallymaybe when we studyrisk averse investors) we could solve

2.4.1 bythe Wolfe´s Method.

A different approach for the utilityfunction was proposed byMarkowitz in [6]. Markowitz used a quadratic approach of utilityfunction to obtain a set of optimal portfolios in the space expected return x risk .

T he approach is based in the T aylor series expansion of

U in the portfolio expected return. T herefore, for a risk avers e investor:

2 ) ´ )( ´ ( ’ ’

2

1

) ´ )( ´ ( ’ ) ´ ( ) ( rxRrxU r x R r x U r x U R U p p p

- + - + @ where x´r is the portfolio expected return ( E ( p

R )) and p

R is the actual portfolio return.

Applying the expectance operator in the equation above, we will obtain the following ide ntity:

( ) [ ]

2 ) ’ ( ’ ’

2

1

) ’ ( p p

r x U r x U R U E s + @

T his identitylooks like the objective function proposed before. Actuallyit´s the same. T he expected utilityof portfolio was approached bya function whose parameters were onlythe expected return and the portfolio variance . T herefore a portfolio obtained by maximization of a function 2 ’ p

r x s l - yields a good approach for the maximumexpected utilityfor all the values of 0 ³ l .

One more application of a quadratic programming model is a verykn own problemin the financial field. It is related to mutual funds and more details can be seen in [9]. T he problemis very seemed with the previous one. Known as Style Analysis, now we want to find a combination of investments in different asset classes

(t he investment styles), that represents what was the style reallyfollowed bythe fund manager. Its clear that these classes must be mutuallyexclusive (or to be well near to this) and must represent all the possible styles to be followed in the market. T he objective of the Style

Analysis is to find something like coefficients of a linear regression between the fund returns and the classes returns, where each coefficient is the percentage

of the total investments of the fund placed in assets of the correspon ding class.

T he differences between the Style Analysis and a common regression inhabit in two facts. T he first one is that we have constraints. One is a linear constraint, that is to make with that the sumof the coefficients is equal to 1, as in the model of portfolio optimization, because byassumption the investor places all its available moneyin the portfolio. Another restriction is the signal of the coefficients (theymust be positive), since it´s practicallyimpossible to operate in a sold position f or all the assets of one determined investment class. T he second fact is that we do not desire to minimize the sum of the squared errors, but the variance of the errors, therefore the objective of this analysis is to infer the maximumon the fund expositio n to variations in the returns of the asset classes during the studied period. It is clearlythat, in this point, an algorithmof quadratic programming is necessary, since we desire to minimize a quadratic and convex function (the variance of a sum) with l inear constraints. T hus we have one more application of the Wolfe´s method.

2.5. A Case Study: Are Efficient Portfolios Really

Efficient?

Now we will applyall the presented theoryto real data of the Brazilian stock market. We implemented the algorithm in Visual Basic 5.0 (a didactic version is available in http://www.ime.usp.br/~fdias/marreqo.zip ) and used the database of the software HSS Stock Market

- version 1.3. T he price series of the assets were free of dividends. T he input data for the algorithm had been estimated as the following. T o get consistent results, we decided to make 24 simulations. T he expected market portfolio for one month was used as basic parameter.

T he market portfolio is the portfolio of the efficient frontier that has the greate r value for the quotient defined in 1.1.1. and can be obtained finding the tangencypoint between the chart of the efficient frontier and a straight line that passes in the corresponding point to the risk free asset. T he simulations had been divided in two groups of 12 months, where the first group corresponded to the period of Julyof 1999 the June of

2000, in which the Brazilian stock market was a bull market, and the second group corresponded to the period of October of 2000 the September of 2001, in whi ch the stock market was evidentlya bear market. T o generate the suggested portfolio for one determined month, we used monthlypassed data in a horizon of twelve months and anycosts of transaction and/or tributes had not been considered. We also admitted valid to buystocks in anyamount even fractions.

For each estimate, we selected the 70 stocks that had the greater dailyaverage business volume and that had been negotiated in at least 200 days in the considered horizon.

T o estimate the expected return of each asset, first we calculated its geometric average of the simple tax of return, defined as the quotient between the asset price at the time t +1 and its price at time t . T his average tax was composite with a tax equivalent to the monthlydividend yie ld during the twelve used months. T he value obtained minus one is the expected return. T o estimate the covariance matrix, we used for each asset the excessive returns fromthe risk free asset. T he risk free asset was the CDI - Over divulged bythe CET IP.

T he behavior of each attained portfolio was compared with the performance of the market index, considered for these studies the IBOVESPA. Six comparison criteria between the portfolios and the market had been used. T he first ones had been the return and the r isk, defined as the standard deviation of the excessive returns. T o be more criterious in the evaluation, we introduce four other comparison criteria, being the one of thembeta of the portfolio, i.e. howmuch is expected for the portfolio oscillates for e ach unityoscillation of the market return.

It is trivial that the beta of the IBOVESPA will always have to be equal to 1. T he beta can be used as a measure of exposure of the portfolio to movements of the market.

T hus the ideal strategyof active manageme nt will have to get portfolios of lowbeta during the periods where stock market were bear and of high beta for the periods where the stock market were bull.

Another comparison criteria used matching was the

Sharpe Index. T his index corresponds to the quo tient between excessive return and risk, as defined in 1.1.1 . It can be interesting to classifytwo portfolios for wayof this index, assuming that the higher its value the better is the portfolio, however this index alone can be applied just when the port folio excessive return is greater than zero, if we do not want to obtain inconsistencies. As a comparison criteria, we used also the T reynor Index. T his index corresponds to the quotient between excessive return and beta. As well as in the Index of Sharpe, it can be interesting to classifytwo portfolios byof this index, assuming that the higher its value the better is the portfolio, however this index alone if applies the portfolios with excessive return (or beta) greater than zero, or else this calculati on also can generate inconsistencies. T he last comparison criteria between portfolios was the RAP (Risk Adjusted Performance) of

Modigliani, that corresponds howmuch it would be the return of a portfolio if its risk was justifd to the risk of the market i ndex. It is trivial that the RAP of the market index is its proper return.

T ables 1 and 2 show which were the composition of the portfolios suggested for the method for each one of the twelve months of high and for each one of the twelve months of low. Eac h column corresponds to the portfolio chosen for its respective month. In tables 3 and 4 the monthlyreturns of each investment alternative are de - tailed in the first twelve rows and in the rows belowthe

performance indicators of the same ones, being each column corresponding to an investment alternative. In figures 1 and 2 we have a comparative chart of returns between the available options of investment, correspondent howmuch it would have varied one

Brazilian Real invested in each one of them. We c an clarelysee with that a management strategybased on the Markowitz criterion, optimized for the Method of

Wolfe, had a better performance than the market, in the bull periods and in the bear periods.

In both periods we can notice that the portfolios gen erated for the algorithmhad had an average return,

Sharpe Index and consistentlyT reynor Index better than the market. Moreover, even so in both the periods the risk of the portfolio generated for the algorithmwas slightlyhigher (from3 rd decimal place) , the performance adjusted to the risk was higher than the market. Moreover, it was noticed that the beta of the generated strategywas higher in the bull period, having fallen in the bear period, what it confirms the previously said about an excellent exp osure market risks.

We can notice that exactlyduring the studied bear

period, while the stock market accumulated losses of

19.39% in the 11 first months, our active management

accumulated 8.01% profits. T hese profits had been

wasted in the month of September of 2001, that he was

catastrophic to the market due the terrorist attacks to the

United States, but still thus the proposed strategywon

the market in 18.84% in one year. During the high

period of the strategyproposal it won the market in

14.90% in one year. Without no shade of doubt, these

results are not worthless.

jul/99 ago/99 sep/99 oct/99 nov/99 dec/99 jan/00 feb/00 mar/00 apr/00 may/00 jun/00

BBAS4 0,13404 0,08738

BOBR4 0,05715 0,1105

BRHA4 0,20916 0,36208 0,23971

CBEE3 0,09247

CEEB3 0,25598 0,27757

COGU4 0,02181

CPSL3 0,07183

CRUZ3 0,27161 0,34866 0,3828 0,24774 0,03473

CSNA3 0,09125 0,09003 0,10002 0,05021 0,06287

ELAT3 0,01984

ELET3 0,00325 0,01785

EM BR3 0,11729

EM BR4 0,14468 0,0941 0,18832 0,09205 0,21945 0,17194

GETI4 0,0606

ICPI4 0,11341

ITAU4 0,14382 0,08987

KLAB4 0,07704 0,10354 0,00486

LAM E4 0,10817

LIGH3 0,17251 0,00501

OSAO4 0,22744

PCAR4 0,0396 0,08021 0,19202 0,00085

PRGA4 0,12749 0,18394 0,10813 0,13117 0,14796 0,12985 0,03756

PTIP4 0,07264 0,23124 0,07052 0,0765

SOES4 0,10221 0,04662 0,34148 0,40472 0,08734

TCOC3 0,31618 0,32419

TCSP3 0,03922 0,00642 0,0368 0,11812 0,07081 0,05828

TEPR4 0,12999 0,09084 0,05655 0,17461

TLPP3 0,04411

TM CP4 0,15365 0,1955 0,22325 0,27951 0,00 062 0,00016

TNLP3 0,22373

TSEP3 0,07139

USIM 5 0,01106 0,1032 0,13688 0,12237

VALE3 0,08607 0,22073 0,22502

VALE5 0,02638 0,03261 0,03513

T able 1 ˘ Composi tion of the efficient portfolios obtained for the period fromjul/1999 to jun/2000. Blank spaces

means null investment.

oct/00 nov/00 dec/00 jan/01 feb/01 mar/01 apr/01 may/01 jun/01 jul/01 ago/01 sep/01

AM BV3 0,16285 0, 11028 0,18488

AM BV4 0,08101 0,06977

BBDC3 0,07347 0,0467

BRDT4 0,12314 0,20737 0,04747

CBEE3 0,1567

CESP4 0,00091 0,05326 0,0515 0,10434 0,10731 0,12942

CGAS4 0,03965

CNFB4 0,37036

CPNE5 0,15277

CPSL3 0,16701 0,07713 0,06523 0,00404

CRUZ3 0,11165

CSNA3 0,02734

CSTB4 0,01859

EM BR4 0,17267 0,14418 0,1728 0,19399 0,18011 0,1331 0,2242 0,04247 0,05511 0,02427

GETI4 0,10612 0,11974 0,21436 0,33725 0,35496 0,09513 0,16682 0,05772 0,0933

GRSU3 0,3673 0,26223 0,30835 0,31994 0,14262

ITAU3 0,24973 0,09895 0,16664 0,2439 0,26451 0,25509 0,32231 0,07218

KLAB4 0,12674 0,24659 0,29391

LIGHT3 0,14427

PCAR4 0,06465

PRGA4 0,08919

PTIP4 0,04571

TCOC3 0,23266 0,29405 0,35836 0,2554 0,16064 0,25815 0,12074

TERJ4 0,08202

TM GR6 0,18532 0,12892 0,03775 0,01583

TSPP3 0,01371

USIM 5 0,01515 0,08288

VALE3 0,04121

T able 2 ˘ Composition of the efficient portfolios obtained for the period fromoct/2000 to set/2001. Blank spaces

means null investment.

M ARKET PORTFOLIOCDI M ARKET PORTFOLIOCDI

jul/99 - 10,193% - 8,988% 1,660% oct/00 - 6,661% - 6,309% 1,280%

ago/99 1,178% 9,925% 1,624% nov/00 - 10,628% - 3,606% 1,216%

sep/99 5,131% 8,419% 1,399% dec/00 14,842% 8,617% 1,135%

oct/99 5,348% 0,839% 1,173% jan/01 15,814% 5,572% 1,203%

nov/99 17,761% 18,208% 1,304% feb/01 - 10,078% - 3,417% 1,009%

dec/99 24,046% 25,773% 1,580% mar/01 - 9,144% 1,719% 1,248%

jan/00 - 4,113% - 1,396% 1,371% apr/01 3,318% - 1,971% 1,179%

feb/00 7,762% - 1,465% 1,440% may/01 - 1,797% - 3,803% 1,271%

mar/00 0,906% 3,284% 1,440% jun/01 - 0,614% 22,386% 1,26 9%

apr/00 - 12,811% - 11,507% 1,293% jul/01 - 5,529% - 1,843% 1,431%

may/00 - 3,739% - 3,773% 1,486% Ago/01 - 6,645% - 6,291% 1,600%

jun/00 11,841% 14,262% 1,387% Sep/01 - 17,173% - 20,739% 1,323%

ACUM . 43,876% 58,777% 18,573% ACUM . - 33,231% - 14,393% 16,262%

M EAN RET. 3,593% 4,465% 1,430% M EAN RET. - 2,858% - 0,807% 1,264%

M EAN EXC. 2,163% 3,035% 0,000% M EAN EXC. - 4,122% - 2,071% 0,000%

RISK 10,397% 10,681% 0,000% RISK 9,608% 9,856% 0,000%

BETA 1,000000 0,8975341 BETA 1,00000 0,59240

SHARP E 0,208044 0,2841785 SHARPE - 0,42898 - 0,21011

TREYNOR 2,163% 3,382% TREYNOR - 4,122% - 3,495%

RAP 3,593% 4,259% RAP - 2,858% - 2,124%

T able 3 ˘ Comparison between jul/99 and jun/00 T abela 4 ˘ Comparison between oct/00 and sep/01

2.6. Limitations of the Quadratic M odel

T he quadratic approach of the expansion of the utility

function in power series turns the model most easyof

being applied, however it is more limited, since it is not

considering central moments of higher order, as the

skewness and kurtosis. T his can be supported bythe

hypothesis of that the returns of the market are i.i.d., and

as a consequence of the central limit theorem, it would

generate a normal distribution for the returns of an risky

asset. Since the returns of asset with risk have normal

distribution, its skewness is null and its kurtosis excess,

what becomes useless the studyof central moments of

higher order. However it is a well known fact that the

distribution of the returns of an riskyasset does not

followactuallya normal distribution, and do not consider

these higher order moments does not give a good

approach for the utility.

An example can be formulated in the following way:

after market studies, one conclude that the expected

return of an asset is of 10% and its risk is of 3.5%. T his

would mean to saythat, assuming normalityin the

returns, in approximately67% of the cases the return of

this asset would be between 6.5% and 13.5%. However if

this distribution were not normal, having on e determined

level of skewness, in fact the used reliable interval in the

previous inference would not mean more 67% of the

cases.

In particular, if the asymmetryis positive, a reliable

interval that starts frompoint 6,5% and includes same

67% of the c ases will contain higher values than 13,5%

being, for example, the interval between 6.5% and

14.5% as illustrated in Figure 4. More catastrophic will

be if the skewness if not taken into account but it exists

and either negative. In this situation, the hyp othetical

interval of 67% of the cases from6.5% could be

between 6.5% and 12%, as in figure 5, what it makes

our forecasts that seemed to be logical in the truth to be

excessivelyoptimistical. T he higher is, in module, the

value of the skewness coefficie nt of the distribution of

returns, weakker will be the concept of variance and

covariance as a measure of risk of an investment.

Intuitively, we conclude that a good approach of the

function utilitymust take into account the skewness and

to trymaximizes it. Moreover, it has studies that they

affirmthat even when the assets possess normal

distribution, dynamic strategies of purchase and sale can

generate significantlyskewed distributions. In this work

we onlyspeak of basic assets, but it can be desired to

include derivatives in the wayactive themwith risk with

which we desire to work. In this point, it is well known

that derivatives followa highlyskewed distribution of

returns, since the price of a derivative in the expiration

date is explained byth e combination between a constant

function equal to zero for values belowof a point and

linear for values above of this point. T hus, the quadratic

model becomes impracticable for the inclusion of

derivatives in the portfolio optimization model.

Fig. 3 ˘ Normal probabilitydistribution with

average 10 and standard deviation 3,5.

Fig. 4 ˘ Probabilitydistribution with positive skewness, average

10 and standard deviation 3,5. T he dotted line is a normal

distribution o f same average and standard deviation.

Fig. 5 ˘ Probabilitydistribution with negative skewness, average 10 and standard deviation 3,5. T he dotted line is a

normal distribution of same average and standard deviation.

Moreover, the o ptimization model of considered above

yieds a solution for just one period, without taking into

consideration expected utilities for posterior periods.

Currentlystochastic programming algorithms are also

subject of other research that do not consider more the

objective function of the problemto be decided as a

function of one alone period, but a function whose

variables are determined bystochastic processes and we

nowdesire to maximize the utilityfor the following

period added to the expected utilityf or the other diverse

periods. T his expected utilitycould be estimated bya

tree that describes all the possible scenes to occur later,

also containing the probabilityof this occurrence. More

advanced studies in stochastic programming are out of

the scope of this work.

Another limitation of the model studied so far is that

linear constraints have little power of nonlinear

constraints. Nonlinear models are more general and

allowing constraints on nonlinear factors could enrich

still more the model and leave s it closer to the reality.

Finally, there are studies that denyat all the hypothesis

that the market is normal or even near to it and go to of

nonlinear dynamic models with long memoryand

extreme values. Mandelbrot considered in [12] a formto

analyze the return series as a fractal distribution,

oposing totallythe approach of risk bya covariance

matrix. T onis Vaga considered in [11] the Hypothesis of

the Coherent Market, where the probabilist distribution

of the returns changes dinamicallywith the ti me based

on a function that also was used byIsing to model the

ferromagnetism. T hese are totallydifferent approaches

of the market, but not the less promising ones.

3 Portfolio Skewness

3.1. The M odel Formulation

We had shown an investor that wants to maximize the

expected value of one utilityfunction U ( R ), where R is

the expected return of its investment. T he attained

results are based in the T aylor series expansion of this

function until its second derivative, generating as

objective function whe n we use the expectance operator

something whose parameters are the two first central

moments of the portfolio return.

Now we will extend the attained result, considering the

third central moment ˘ the skewness of the returns in

relation of the mean.

For a portfolio with n riskyassets, the first three central

moments of the portfolio return (

p

R ) are given by:

å

=

= = n

i i i p p

R x R E R

1

] [

( )

[ ]

å å

= =

= - = n

i n

j ij j i p p p x x R R E

1 1

2 2 s s

( )

[ ]

å å å

= = =

= - = n

i n

j n

k ijk k j i p p p m x x x R R E m

1 1 1

3 3

with

i

R = expected return of the asset i

ij s = covariance between the returns of i and j

(for i = j it is the variance)

ijk m = co - skewness between the returns of i , j

and k , defined bythe third central moment not

normalized.

So for a risk averse in vestor, the portfolio expected

utilitywill be:

[ ] [ ]

[ ]

[ ]

6

) ( ’ ’ ’

2

) ( ’ ’

) (

! 3

) ( ) ( ’ ’ ’

! 2

) ( ) ( ’ ’

) ( ) (

3 2 3

2

p p p p

p p p p p p p

p p

m R U R U

R U

R R E R U

R R E R U

R U E R U E

+ + @

-

+

+

-

+ @

s

In this way, maximize the expected utilityfor a risk

averse investor is to solve:

3.1.1

} , | { , . .

. ’ ’ min

1 1 1

u x l b Ax x x a s m x x x x Cov x r x n

i n

j n

k ijk k j i

£ £ £ = Á Á Î

+ - å å å

= = = a l

where a

�